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DIGITAL MULTIPLICATION AND LINEAR INTERPOLATION 



Summary 

This report describes the basic principles of binary number multiplication 
using digital logic circuits. The linear interpolation function is then defined and 
rearranged into a form which is similar to a, single multiplication. As an example of the 
use of this result, the design of a fast digital linear interpolator used in the experimental 
digital line-store standards converter is given. 



1. Definitions 

Numbers are expressed in terms of their binary digits 

^^ll^''^' (1) 

r 

the summation being over all significant r. 

Y^ is the complementary digit to Y^., (1) then defines Y. 

Figure 1 defines the symbols used in the later 
diagrams. 
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Fig, 7 - Definition of symbols 

2, Digital multiplication 

2.1, Generation of partial products 

The product of two binary numbers P and Q can be 
expanded* as the sum of partial products of their digits 



P.Q = 



E^"E'^^ 



TABLE 1 



s-r • Qr) 



(2) 
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Each digit of P is multiplied with each digit of Q 
once to give a partial product whose weight is the product 
of their individual weights. The product of two single 
binary digits is itself a single digit which is equivalent 
to their logical AND (see Table 1). 

* As in long multiplication 
(PH-921 




Fig. 2 - IVIultiplier principle 

If P has m digits and Q has n digits, the required m.n 
partial products can be generated by an m x n array of 
AND gates as shown in Figure 2 (a) for the case m = 5, 
n = 4. The horizontal levels represent binary weights, the 
greater weights being higher on the diagram. 

2.2. Summation of partial products 

Many methods of using logic circuits for addition of 
partial products are known ^~'*, and the availability of 
intergrated circuits offering fast 'look-ahead carry' further 
extends these. Although the principles described in 
this report can be applied to any of them, a simple 
repetitive array of full adders is used for illustration. 

Table 2 gives the truth table of the full adder. 

Three equivalent inputs are summed to give a sum digit 

S having the same weight and a carry digit C of the next 

higher weight. 

TABLE 2 



inputs 


c s 


000 





001 


1 


010 


1 


01 1 


1 


100 


1 


101 


1 


1 1 


1 


1 1'1 


1 1 



Figure 2(b) shows an array of full adders connected 
such that signals flow upward and to the right, horizontal 
levels representing binary weights. As no adder outputs 
are ignored, and only one output is made available at each 
level such a network cannot but sum the input contri- 
butions to give an output as a binary number. As there are 
no closed loops in the logic it is stable. Such a network 
can always be constructed to sum any number of contri- 
butions of any number of different weights. This can be 
done in several ways, the method shown is based on the 
the familiar 'shift-and-add' operation. The unused inputs 
marked X can be used to add further contributions to the 
sum, for example to round the result, or they are made 
logical 0. 

2.3. The full multiplier 

Figure 2 represents an assembly of logic AND gates 
and full adders which generates the product of the two 
binary numbers P and Q. In this form it is called a parallel 
multiplier (also known as an asynchronous, or unclocked, 
multiplier). The product is stable at the output after the 
cumulative propagation delay of the longest route through 
the arrays, but the output may begin to change after the 
delay of the shortest route. The difference between these 
extremes of timing determines the rate at which the multi- 
plier may be used. 








^yH 1 Jf^Ro 

Fig, 4 - Diagonal time zones In adder array 

If the retiming is done with diagonal time zones some 
initial 'preskewing' of the inputs and final 'postskewing' of 
the outputs is needed, as is shown in Figure 4, This delay 
of the higher significant digits at the input and of the lower 
significant digits at the output is required to anticipate 
and subsequently compensate the 'diagonal' time relation- 
ships during addition. If several operations of this type 
are to be performed in cascade, the overall delay can be 
reduced by keeping the data in the skewed state between 
the stages. 



2.4. Retiming 

It is possible to reduce the interval between the 
earliest and latest possible changes in the output by reclock- 
ing the data at points within the multiplier in order to delay 
the signals in the faster paths. This creation of 'time zones' 
results in an even greater delay before the output is obtain- 
ed but the operating rate may be increased severalfold. 




Fig. 3 ' 'Shlft-and-add' clocking 



3. Linear interpolation 

3.1. Definition 

Linear interpolation between numbers A and B is 
here defined by the equation 



C = A(1-S) + B.S 0<S<1 
3.2. Derivation 



(3) 



A variable, Y, related to S, will now be introduced, 
such that the binary digital expansion of the expression 
corresponding to equation (3) contains pairs of terms 
similar to partial products. 

If S has n+1 significant digits, including that of unit 
weight, it may be decomposed as 



S = Y + 2-".R_^ 0<Y<1 - 2-n 



(4) 



where Y is a binary fraction with n digits of weights 2~^ to 
2-n and R_n is or 1 . Except when S = (R_n = 0) or 
S= 1 (R_n = 1), R_n may take either value. 



The best arrangement of time zones depends on the 
propagation delays of the logic used. An example is the 
normal 'shift-and-add' configuration in Figure 3, where 
the multiplicand P is gated at successive clock pulses with 
successively higher weights of the multiplier Q. When 
this simple adder array is used there is an advantage in using 
diagonal time zones as indicated in Figure 4. In this case 
the signal never passes through more than two full adders 
between reclocking stages, whereas in Figure 3 the longest 
such route is through five adders. 



Now 



and 



Y + Y = 1 -2" 



R-n + R-n = 1 



(5) 
(6) 



so equation (3) may be expanded to give 



C = A.Y + B.Y -t- 2-"(A.R_^ + B.R^^) (7) 



or, in terms of the binary digits, 



C = 



s r 



(8) 



A= 10110 (22) 

B = 00101 ( 5) 

S = 0-1010 (10/16) 

Y= 0-1001 ( 9/16) 

R= 0-0001 ( 1/16) 

whence, according with equation 3, 

C = 01011-0110 (11^6) 



3.3. Implementation 

Each term of Equation (8) is a sum of two products 
of single digits. But either Y^ or Y^. is 0, and either R_^ or 
R_n *^ ^' ^^ ^^ '^^^^ °^^ °^ these products is 0. Therefore 
each term is either a single digit of A (if Y^ or R_^ is 0) 
or a single digit of B (if Y^. or R_^ is 1). So an array 
similar to Figure 2(a), with the AND gates replaced by 
AND-OR gates, or data selectors (defined in Figure 1) can 
be used for linear interpolation.^'^ If A and B are m-digit 
numbers and Y has n digits, there are m(n + 1) single-digit 
contributions to be summed. This contrasts with the 2m 
(n + 1) contributions which would be generated if Equation 
(3) were handled as the sum of two non-related products. 
The number of contributions has been halved, and the size 
of the adder array is correspondingly less. 

Figure 5 illustrates the case m = 5, n = 4, and indicates 
the logic levels present in such a circuit when the input 
words are as follows: 



Retiming as described in 3.4 may equally well be 
applied to such a circuit to increase the operation rate. 
The 'shift-and-add' multiplier principle may be adapted 
to give a 'shift, select and add' linear interpolator. 



4. Applications 

4.1. Fast digital linear interpolator 

An interpolator using the above principles was cons- 
tructed as part of an experimental digital line-store tele- 
vision standards converter . The structure was as given 
in Figure 6. It interpolated between two eight-bit numbers 
A and B with a three-bit coefficient S. In this application 
S could never be unity so R_3 was set permanently at 
and the R„3 data selectors were replaced by links. Only 
eight bits of the output could be used so a 1 was added 
at the greatest ignored weight to round the result. 




Fig. 5- Linear interpo/ator principle 



Fig. 6- Linear interpofator example 



Diagonal time zones were used in the adder array to 
give a maximum of two full adders between reciocking. 
Fast TTL logic was used, with full adders type 74H 183 and 
clocked delays type 74H74. The data selectors were AND- 
OR gates type 74H51 with complementary outputs, where 
necessary, taken from the clocked delays. The 'all-worst- 
case' operating rate was 14 MHz, the typical was greater 
than 20 MHz. 



linear interpolation. A specific example was given, which 
also illustrated the advantage of skewing data during 
processing. 



4.2. Fading to a non-zero level 

It is sometimes useful to be able to linearly interpolate 
between a px.m. signal and a fixed number representing a 
level which is not the origin of the coding range. Such a 
number might be the black level of a video signal or a point 
midway along the coding range (i.e. the quiescent level) of 
an audio signal. 

In these cases the data selectors can be replaced by 
two-Input gates and the structure is simplified. 

4.3. Weighted sum of several Inputs 

Two-input multipliers can be combined in a 'knock- 
out tournament' configuration to give the product of several 
numbers more quickly than by simply cascading multipliers. 
Two-input linear interpolators can be similarly combined 
to give the weighted sum of several numbers with the 
weights summing to unity. 

5. Conclusion 

This report has described the basis of digital multi- 
plication and shown how it may be extended to include 
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